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wygik0Y]uy¸Az:s\¯Â¬­q{k
fgik$z:kCj ¹ºzwygiqrwk$j q{|Mo\k^/wqrz|l±
o\kCwqrz|';i¶Xi¶+}uk  k$«:zwk  wyzwgik@~iyz\z¹Lz¹%kqvwyk$|$ku|  si|iqv·:sk$|ik^ ykCsit{wy§¹ºz wygik@k$|k$ut


















qrLq{|\«kCwyq{¸t{ku|  wgk¸6zsi|  uyQ$z|  q{wqrz|ALuykqr|  k$~6k$|  k$|Nwz¹
d
±8²µk§z:j¸iqr|ikwygiqvLykCsit{wL¨qªwygwgk
sku©\k  ¯Â~Az:q{|Nw wgikCzyk$j wzZz¸iwyuqr|
u|
kqvwyk$|$ku|  si|iqv·Nsik$|ik^k^sit{wI¹ºz wygikkC|ik$utRCuk?2ºq>± k:±










   $'&p$ * *& &! b+  "!"# "
²k  k$|izwk ¸\
L

























F ′i = −αiFi −
∑
j<i gij(Fj + Bj)Fi +
∑
j>i gij(Fj + Bj)Fi,
B′i = αiBi +
∑
j<i gij(Fj + Bj)Bi −
∑
j>i gij(Fj + Bj)Bi.Ã"k$ykIu|  qr|}wygikIk^·Nsik$t>¶\wgik
′
 k$|izwk^Lwygik  kCqr«xuxwqrz|¨q{wgk^~6kCw,wyz

















²kCu||izx¨ yk$¨yqªwyk kC·Nsuxwyq{z:|2Ji±95=7%q{|ZuQj@zyk $zj@~u:/w"¬Xzw®xux¯Â°2zt{wkCuI¹ºz:j u:,¹ºztrt{zx¨"LG
F ′i = −αiFi +
∑n
j=1 Gij(Fj + Bj)Fi
B′i = αiBi −
∑n
j=1 Gij(Fj + Bj)Bi.
2>±657

















































 zwk wgAuxwwgkwk$j 2J±65¯±Þ4¯± W7R~AzNkCykC%wgik R wyqr«Nqvut ]ztrswqrz|
F1(x) = P exp(−α1x), B1(x) = RL1 P exp(α1(x − 2L))
u| 
Fi = Bi = 0
¹ºz:
i ≥ 2 ±fgiqr§z:t{siwqrz|Zz:ykC~Az:|  ,wyzwgikn$ukI¨gikCk wygikn"uju|Zuj@~itrqª©6$uxwyq{z:|k.<kC/w%gu2|zwL:kwLu~~Ak^uyk  ± ¦ |  kCk  ¶:wgik§wk$j 2Ji±95=7  kCyyq{¸6kCLuwuxwyq{z:|uyyk$qrj@kz¹<j@zykk$|k$ut
wqrjQk  kC~AkC|  k$|NwkC·Nsuwqrz|C± ¦ |V~iuwqvk¶8wygiktru:kCnwyuwynz| wgik*|iz:qrk  skwyzuZ¹ºswygik$QwkCj |zw
~ik^kC|NwLq{|kC·Nsuxwyq{z:|2>±65¯±Þ4¯± W7¶xwgik]z¯ÂCutrt{k 'R j@~it{q{©k  o\~6z|Nwyu|ik$z:s]wRj@qvqrz| 02Ò]oPw 7#2Òk$k0/ N17±

iyzj³u"juxwygik$juwqv$utN~6zqr|:w+z¹«\qrk$¨I¶4¨gikC|wgk,2Ò]oPw 7­wkCjqvwyu®:k$|Iqr|Nwz§u:$$zsi|NwC¶^wygik%z:|itr u  j@qryq{¸itrk
wuxwqrz|Auyyk$qrj@kqvwgk|iz:|¯Jwyqr«\qrutXz|k±"Ã"zx¨,k$«:k$^¶u§z\z:|Muwygiktvuk$]wuwyC¶iwgknz:|Nwyq{¸isiwqrz|Zz¹






i = 1, . . . , n.
2Ji± lP7
wR«kC|duxwwgiqvk^uyt{*wyu:k¶Aqªw]qrq{|NwkCk^wyq{|wz}|izwyqr$kIwguwwygiknwyk$jgu§kC«k$ut­j@uwgikCjuxwqv$ut
q{|\«xuyqru|NwyC±8q{j@~itrk$utr$sitvuxwqrz|*gizx¨",q{|  k$k  wyguxw






uk utrtÿ«xu|iqvgiq{|2Òj@kCu|q{|iQwyguxwwygik$yk qr|iz@trz:yz¹+k$|ikC:  sik wzQwygik




$u|´¸6kqr|NwkC~iykwyk  u:Iwgkk$|k$ydz¹wgikwk$j u|  qªw~iykCk$y«xuxwyq{z:|µqr|








G̃ij = 0¹ºz |i − j| > 1 ¶ G̃ii = 0 ¹ºz i = 1, . . . , n ¶ G̃i,i+1 = −σ ¹ºz: i = 1, . . . , n − 1 u|  G̃i+1,i = σ ¹ºz:
i = 2, . . . , n
¶¨gikCk
σ











qvz i ±*fgqr$zyk^~6z|  
wz}wgik@$u:kn¨gik$yk¨,kz:|it{wu®knq{|Nwyzu:$z:si|Nw"wgkQqr|NwkCyu:/wqrz|A"¸6kw¨,k$k$|µsA$k^qr«kI¹ºykC·NsikC|qrkCC¶ÿu| 
¨gik$yk ¨%k s~i~AzNk]wyguxwwgkI«4ut{sk]z¹­wygikI"uju|:uq{|  z\kC|izw  k$~6k$|  z|}wgk ¹ºk^·:sk$|$q{k^$¶\¸isw"z:|itr
z|Zwygik  qF.<k$yk$|$kn¸6kw¨,k$kC|Zw¨,z¹ºykC·Nsik$|AqrkC)2Òk$k /ÞL187/± ¦ |dwgiqv ~6kC$qrut+CukCC¶6¨,k¨qrtrt8k$kwguw]¨,knCu|
z¸wuqr|}j@zyk k$©|ik  k^wyq{juxwykCC±
fgik@kqvwyk$|$kQz¹LwygikCk@q{|\«xuyqru|Nwy§¨q{trt2¸Ak^z:jQk@|uwsiut8qr|µwgik@|ik$NwkCwqrz|X¶X¨gk$ykwygikwkCj
¨q{trti¸6k"gizx¨|wz gu4«:ku]8zqvyz:|nwys/wysik:± ¦ w2qvRu]¨%kCt{t{¯Â®N|zx¨|¹Òuw8wguwLsg@\wkCj2$u|Q¸6k¸iz:sigNw
¸u®Qwz@$u|iz|qrCuti¹ºz:j*¶Nwgz:siguntrz\Cut<gu|k"z¹­«xuyqru¸it{k^$± ¦ |wygik z|Nwyk\w,z¹ÿwgik ~iykCk$|Nwwys  ¶\q{w
qrqr|}¹Òu/w"~6z:yq{¸itrk]wzk$\gq{¸iq{wuN6V\igu|ik]z¹8«xuyqru¸itrkCu|  wgqr¨qrtrtX¸Ak wygiksi¸kCw"z¹2o\kCwqrz|*l±
  *$' # "   #+   $'&  +X  $+   $' n %"#(!*# #("
¦ |wgiqvkCwqrz|X¶¨,kz:|q  kC"uQzj@kC¨guxwq  kCut{q6@$k  j@z  kCtJ¶i¨gqrgZ$u|*¸AkI«\qrk$¨,k  u"u@q{j@~itrqª©Ak 

























-Mf6  ,l	IK-Mde  Nj ,c-M   Tm X	 -Mdn
¦ |wygik,¹ºztrt{zx¨qr|i]¨%kkw









G(F, F ) −G(F, B)















¨,k  k©A|ik wgikI¸yu:®kw











²kI¨qrt{tkCk§wyguxwwygiqr"¸iyu:®k$w  k$©|ik^u x 
\






















2Nu$z¸iq<q  k$|Nwq{w 7



























































Aαδ(Y ) = AβσAβδYβYδYσ + AβσAσδYβYδYσ
fgNsA,wgikIyk$tvuxwyq{z:|D2Ji± W7%qr"kC·Nsiqr«4ut{kC|Nw,wyz
AβσAβδ + AβσAσδ + AσδAσβ + AσδAδβ + AδβAδσ + AδβAβσ = 0
u|  ¨,k k$k]wyguxwwygiqr"kCtruwqrz|qv"yuxwyqr©k  sq{|nwygik ¹Òuwwguw
Aαβ
qv"®k$¨¯åNj@j@kwyqv±
 zx¨ ¨%k kCkwyguxw
J(Y )
qrz¹Xwgiqv¹ºz:j*¶\sq{|iQwygik ~uwq{wqrz|
Y = (F, B)
u|  wyg\s2Ò± W7  k$©|ik^u
+z:qryz|*Ä%u®:kw^±+³q{j@~itrkIz:jQ~swyuwqrz|}wgikC|\qrk$t  wygik ¹ºztrt{zx¨qr|iQk^stªwG
 ¢ ÀLÀ  Ò¡ À 	   jmmK=























































Fi − Bi + ai log Fi
) ¹ºz
Y = (F, B).
2Ò±Þ7
¦ |  k$k  ¶i¨,kIkCk§wyguxw"¨,k gu4«k
∇Ha(Y ) = (1 + a1/F1, . . . , 1 + an/Fn,−1, . . . ,−1)T .
fgNsAwgkwkCj 2>±657qv"k^·:sq{«xutrk$|Nwwyzwgiknwk$j 2Ò± 7q{¹2u|  z|t{qª¹2¨,kgu4«:k














fgikI8zqvz|wysA/wsk z¹+wgkI~iz:¸itrk$j \qrk$t  |uxwysiutÿqr|N«xuqvu|Nwy,z¹­wgkI~iz:¸itrk$j*±




















































i = 1, . . . , n
   
∑n












α = 1, . . . , n
¶ÿwgkQjuwyqª
J(Y )











±"§"wygikCk«k^/wyz"uykIt{qr|ik^uyt{q{|  k$~6k$|  k$|NwC¶Awgik
ci
¶

















qrz i u|  q{¹8¨%kIkw
A(Y ) =
∑n
i=1 ai log Fi
¶wygik$|*¨,k]gAu4«k
∇A(Y ) = (a1/F1, . . . , an/Fn, 0, . . . , 0)T ,
u|  ¨,k $zj@~iswyk  q{ykCwtrwyguxw
(







1 ≤ α ≤ n,
(aT G)α−nBα
q{¹
n + 1 ≤ α ≤ 2n,









F ′i Bi = −αiFiBi +
∑n
j=1 Gij(Fj + Bj)FiBi
u| 
B′iFi = αiBiFi −
∑n
j=1 Gij(Fj + Bj)BiFi.
u|  wygNsAq{w}qvtrkCuwgAuxw


















-Mf6  ,l	IK-Mde  Nj ,c-M   Tm X	 -Mdn
    :$p(4[$   
fgikwkCj 2Ji±95=7§Cu|µ¸Akk$kC|µu:]wgik@k~iykCyq{z:|dz¹%wgik  k$yq{«xuxwyq{«:knz¹
log(Fi)
¹ºz:
i = 1, . . . , n
±
Zzyk$zx«:k$^¶:¨,kI®\|izx¨ wyguxw"qr|Zutrt­$u:k^$¶\wygikI~iyz  s/w
ci := FiBi
uk qr|\«4uqvu|NwL¹ºz:









i = 1, . . . , n.
2ºlA±95=7




























i = 1, . . . , n.
2ºlA± W7











i = 2, . . . , n,
2ºlA± 7
u| 
ui(L) = − 12 log RLi
¹ºz:
i = 1, . . . , 0
u| 
un(L) = − 12 log Rout.
2Òl± l7





¦ |}wygikI|ikC¨ z\z:  qr|uwkCC¶\wgk Ã§uj@qrtªwyz|iqvu|
H0(Y )
q{| 2Ji±<;7%¨q{wk^|izx¨
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 W 


































R11 R12 · · · R1m
0 R22 · · · R2m±±± ±±± · · ·
±±±
















k^utjuxwyq{ ¨q{wg z:j@~it{k$ $z|xsiNuxwyk
k$qrk$|\«xutrsik^$±  zwkwyguxw%wgik"juwyqª
Q
q{|\«z:t{«:k  qr|wgik"wu|¹ºzyjuxwqrz|@qvRykCutzwgzz:|ut>¶xq>± k:±8yuxwyqr©k^
QT Q = I
±  zx¨I¶iq{|Ak
G

























































 ¼\À ¢ ¼ 













'W  n\[D2Òl±657 	  IK M8I !Z\I PWJi "-eV9
(F, B) 7→ (v, c) ` I _ v = M−1u  
009WVXN)V\j WaObekZ\I N)Ji "=N-eV9 i\_N
{ (F, B) ∈ R2n |Fi > 0
 
Bi > 0 }






















n − 1  i n 6





































k  sk  wgikn~iyz¸itrk$j 2Ji±95$¯åi± x¯åi± 7R~6z:k  z:|*wgikQk$w { (F, B) ∈ R2n |Fi > 0 u|  Bi > 0 } wyzwgk~iz:¸itrk$j ¨q{wg*¸6zsi|  uyz:|  q{wqrz|2Òl±Þ4¯Âl± x¯Âl± l72z:|wygikkw { (u, c) ∈ R2n | ci > 0 } ±²k}¨q{trt,|izx¨ wys  µwgiqvntru:wQ~iz:¸itrk$j)q{|Vk$«:k$utLwkC~C± 
+q{wz¹ut{t>¶8¨%k}|izwykwgik~iykCk$|$kz¹
wgik@qr|igizj@z:k$|k$zsA¸6zsi|  uyZz|  qªwyq{z:|
u1(0) = log P/
√
c1
 k$~6k$|  q{|i*z:|
c1
¨giqrt{kQwgkQzwgikCy uk
q{|  k$~6k$|  kC|NwLz¹Awgik"$zNkEqrk$|Nwy
ci









¨,ksk@wygik¹ºz:t{trzx¨q{|*wuxwyk$:nG¨%kws  M©wwgik~iyz¸t{kCj 2ºlA± x¯>lA± ¯>lA± lP7"¸sw
¨qªwyg uDYqrqvgitrkw@z|  qªwyq{z:|Vz:|
u1(0)







gizj@z:k$|ikCqªw@ykCu:z:|X7±+fgqr~iyz¸t{kCj qrws  q{k  qr|wygik |ik\w"kC/wyq{z:|X±§|k]¨,k§~iyzx«k  kqvwyk$|$kIu| 
si|iqv·:sk$|ik^§k^stªw§¹ºz"wygiqv§~z:¸it{kCj ¹ºz: R j@ut{tfS «xutrsik^z¹2wgikn¸Az:si|  u*z:|  q{wqrz|C¶<¨%kIwygik$|qr«kqr|
k^/wqrz|u|kqvwyk$|$knu|  si|iqv·Nsik$|ik^]ykCsit{w¹ºz§wgknqr|iq{wqvut8~iyz¸itrk$j ¨q{wgMwygikQ¸Az:si|  uZz:|  q{wqrz|












¨q{wgykC~Ak^/w2wyz wgik  uxwyu z¹Awygik"~iyz¸t{kCj± vqr|i wgiqvC¶
¨%kCu|




 )+ n  4*  ![& (+(     "  (    $'"
n
   
	   $'&)+ b+ &
 "%$  
¦ ¹
n





q{| 2ºl± W7­¹ºz:+¨gqrgnqªw2qvgAu  wz]gu4«:kL¸6zsi|  
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∞
.
Ä%siw"sqr|iQwgkI¸Az:si|  2O;i±  7%u|  wgikItrk$j@ju@i±Þ¶¨,k gu4«k











Ã"k$|Ak¶iwgikCk kqvwu@si|iqv·Nsik]©ik  ~Az:q{|Nw¹ºz:
g
¶iu|  wygiqv\q{kCt  wgik ykCsitªw^±

















= ‖Φ(u, R) − Φ(ũ, R̃)‖
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|g(λ) − g(λ̃)| ≤ 2√
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0 −5.354693 −0.833641 −0.165746 −0.001215
5.109551 0 −5.091333 −0.800871 −0.246770
0.757437 4.847864 0 −4.883841 −0.694188
0.143011 0.724173 4.637914 0 −3.546259
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0.388799 0 0 0 0
0 0.346712 0 0 0
0 0 0.296873 0 0
0 0 0 0.252234 0
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Linear Convergence of the algorithm
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Solution F and B for P = 5, n = 4






















Solution F and B for P = 5, n = 5
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